ON THE TATE CONJECTURE FOR THE FANO SURFACES 
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O^l ' Abstract. The Fano surface of a smooth cubic threefold F ■— > P** 

5^ I parametrizes the lines on F. We prove that a Fano surface verify the 

, Cy , Tate conjecture over finite fields and number fields. We give an algo- 

rithm to compute the zeta function of the intermediate Jacobian of the 
cubic when the field of definition is finite and we compute the zeta func- 

C^ . tion of various examples of Fano surfaces. We obtain some examples of 

Fano surfaces with supersingular reduction. 
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1. Introduction. 

Let khe a, finite field or a number field and let ^ be a prime integer prime 
to the characteristic. Let k be an algebraic closure of k and let G = Gal(k/k) 
be the Galois group. Let X be a smooth projective variety over k. We denote 
X = X Xf,k. Let A^{X) be the Qrspan in H^{X,Qi{l)) of the image of 
the divisor classes defined over k. The group G acts on H'^{X,Q£{1)) and 
(yr) ■ fixes the elements of A^{X). The Tate conjecture for divisors is as follows: 

Q> ■ Conjecture 1. (Tate Conjecture [29j;. We have A'^{X) = H'^ {X , Qi{l))'^ . 

When k = ¥q is a finite field, the zeta function Z{X, T) of X encodes the 
f— ^ I number of rational points of X over the extensions kr = F^r , and the Tate 

fSJ ■ conjecture is equivalent to: 



> 



C^ 



Conjecture 2. i^|26| . Proposition 4-3)- The Picard number px of X is equal 
to the order of pole of the zeta function Z{X, q^^) at s = 1. 

^ , The Tate conjecture for abelian varieties has been proved by Tate for finite 

fields [27j and by Faltings for number fields |9j. Let A: be a finite field or a 
number field, with characteristic ^ 2. Let F ^-7> Pl^ be a smooth cubic 

hypersurface. Through a generic point of F pass 6 lines of F. The variety 
that parametrizes the lines on F is a smooth surface defined over k |T] called 
the Fano surface of lines of F. The surface S is minimal of general type and 
has invariants: 

cl = 45, C2 = 27, 6i = 10, 62 = 45. 
We prove in this paper that: 

Theorem 3. The Tate conjecture holds for the surface S. 

This is a consequence of the following result: 
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Theorem 4. Let S be a Fano surface defined over k. There is an isomor- 
phism of Galois modules: 

For k a finite field, the Artin-Tate conjecture is a refinement of the Tate 
conjecture: 

Conjecture 5. (Artin-Tate Conjecture [28JJ. Let X be a smooth surface 
over k. The Brauer group Br{X) of X is finite and: 

lim -P2(X,g-^) ^ {-l)P^-^\Br{X)\Disc{NSu{X)) 
™i (1 _ qi-syx q'-iX)\NSk{X)torV 

where a{X) = x{X,Ox) — 1 + dim Pic (X), NSk{X)tor is the torsion sub 
group of the Neron-Severi group NSk{X), and Disc{NSk{X)) is the ab- 
solute value of the discriminant of NSk{X)/NSkiX)tor with respect to the 
intersection pairing. 

By Milne [14], the Tate conjecture implies the Artin-Tate conjecture if 
the characteristic is not 2. In this paper, we give an algorithm that compute 
the zeta function Z{S, T) of a Fano surface of a cubic F defined over finite 
fields of any characteristic p > 2. We are therefore in position to compute 
the limit occurring in the Artin-Tate conjecture. 

The intermediate Jacobian J{F) of the cubic F is a 5-dimensional abelian 
variety canonically associated to F. This variety J{F) is isomorphic to the 
Albanese variety of S and it is also a Prym variety Pr{T,^) associated to a 
degree 2 etale cover ^u of a certain plane quintic curve T. As we will see, it 
is equivalent to compute the zeta functions Z{F,T),Z{S,T) or Z{J{F),T). 

In [12] . Kedlaya gives an algorithm to compute the zeta function of cyclic 
cubic threefolds i.e., cubics that are triple cover of P^ branched over a smooth 
cubic surface. This algorithm runs by computing the number of points on 
the cubic hypersurface F ^-> P^ and uses the order 3 symmetries in order to 
reduce the computations. The algorithm we give here uses instead the Prym 
variety structure and computes the number of points on J{F). It seems to 
be the first algorithm proposed in order to compute the zeta function of a 
Prym variety. We have implemented it in Sage (see [20j). 

We end this paper by studying some interesting examples of cubic three- 
fold and computing the zeta functions of some Fano surfaces over fields of 
characteristic 3,5 and 7. Let ^ be a primitive (complex) ll*^-root of unity 
and let he k = Q(^). Let S/j^ be the Fano surface of lines of the Klein cubic 
threefold : 

F/k = {xlx2 -\- x\x^ -I- a;|x4 -|- x\x^ -|- XgXi = 0}. 

The surface S has good reduction Sp at every prime p of /c not dividing 11. 

Corollary 6. The Fano surface Si^ has geometric Picard number 25. 
Let p be the prime dividing the norm of p. If p is odd and W is not a square 
modulo p, then Sp is super singular, i.e. its geometric Picard number equals 
45 = 62- If P is odd and 11 is a square modulo p, then Sp has geometric 
Picard number 25. 
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To the knowledge of the author, there are only a few cases where the zeta 
function of surfaces have been computed : apart from the cases of abelian 
surfaces and a product of two curves, the zeta function has been computed 
for some examples of K3, some elliptic surface, for Fermat and some Delsarte 
hypersurfaces (see |24j and the references therein). 

The Tate conjecture over finite fields is known for Fermat surfaces, prod- 
ucts of curves, some K3, for abelian surfaces, surfaces with Pg = with a 
lifting in characteristic 0, and surfaces X rationally dominated by a surface 
for which the Tate conjecture holds (see [14j, [26j and the references). For 
examples of some Galois covers S ^ X where 5 is a Fano surface, see [21] . 

The Tate conjecture over number fields is known for K3, some Hilbert 
modular surfaces, many quaternionic Shimura surfaces and Picard surfaces 
(see [32], [26| and their references). 

Acknowledgements. The author gratefully thanks Bert van Geemen for 
his suggestion to consider the conic bundle structure for computing the zeta 
function of cubics, and Kiran Kedlaya for emails exchanges. He thanks also 
Marc-Hubert Nicole and Stavros Papadakis for their comments on a previous 
version of this paper. 

The author has been supported under FCT grant SFRH/BPD/72719/2010 
and project Geometria Algebrica PTDC/MAT/099275/2008. 

2. Notations, the trinity associated to a cubic threefold 

The very rich geometry of cubic threefolds was a motivation for us to 
understand their arithmetic. These results are due to many authors, starting 
with Fano in the 40's and in historical order during the 70's: Bombieri, 
Swinnerton-Dyer [5], Clemens, Griffiths [7\, Tyurin [30) [31) . Murre [17) [18) 
^19j . Altman, Kleiman [2] and Beauville [3|. There are other important 
papers on the subject since that time, but we will only recall the results we 
need. 

Let F be a smooth cubic hypersurface defined over a field k and let S be 
its Fano surface. The Albanese variety ^ of S* is 5 dimensional and defined 
over k. Let us suppose that S has a rational point Sq i.e. that F contains a 
line defined over k. Let "d : S ^ Ahe the Albanese map such that 'dso = 0. 
Let Q be the (reduced) image of S* x S* by the map (si,,S2) —^ i9si — ■ds2- 
The variety is a divisor on A and (A, Q) is a principally polarized abelian 
variety. Here we call the pair J{F) = (A, Q) the intermediate Jacobian of 
F. 

One of the most striking fact is that a Torelli-like theorem holds: for 
any intermediate Jacobian (^, G), we can recover (up to isomorphism) the 
original cubic F. This goes as follows : the divisor B has a unique singularity 
in 0. The exceptional divisor of the blow-up in of A is a P^ and the closure 
of the strict transform of G into this P^ is (isomorphic to) the original cubic 
F. 

Thus we see that given any one of the three items : the cubic F, its Fano 
surface S or its intermediate Jacobian {A, G), we can recover the two others. 
We can see therefore that there is one mathematical object which has three 
aspects, a trinity : 



4 XAVIER ROULLEAU 

a) It is a cubic hypersurface F in P'^ defined by one equation. 

b) It is a smooth surface of general type S. 

c) It is a 5-dimensional principally polarized abelian variety (^,0). 

It seems interesting to us to compare this situation with the elliptic curves 
that are at the same time smooth cubic hypersurfaces of P^ and abelian 
varieties. 

3. The Tate conjecture for Fano surfaces. 

Let A be an abelian variety of dimension > 2 defined over a field k finitely 
generated over its prime field. 

Definition 7. We say that a 2-dimensional effective cycle M^ on yl is non- 
degenerate if the Q^-bilinear form: 

H^{A,Qe{l)) ^ H^{A,Qe{l)) ^ H^"{A,qe{n)) ^Qe 
^^ ■ ix,y) -^ x-W-y 

is non-degenerate, where we consider W € i:f^"~^(A, Q^(n — 2)). 

For example, given an ample divisor B on A, the cycle . _2V ®^~^ ^^ 
positive by the Hodge-Riemann bilinear relations (see Chapter Section 7 

ofHH). 

Let khe a, finite field or a number field. Let 5 be a smooth surface over k 
with a fc-rational point. Let A be the Albanese variety of S and let f? : S* — >• A 
be the Albanese map. 

Proposition 8. Suppose that the image W of S is a non- degenerate cycle 
and 62(5*) = 62 (^)- Then 

H\S,Qe) ^ A^H\S,qe) ~ A^H\A,qe) ~ H^{A,Qe)- 
The surface S satisfies the Tate conjecture and ps = Pa- 

We know only two examples which satisfy the conditions of the above 
Proposition: 

Example 9. 1) For an abelian surface, the intersection pairing on H'^{S, Qg) 
is non-degenerate. Moreover: H'^{S,Qi) = A^H^{S,Qi). 
2) The Fano surface 5 of a smooth cubic threefold F ^^ P^ containing a 
rational line. The Albanese variety A of 5 is 5-dimensional and the Albanese 
map "i? : 5 — > A is an embedding, moreover b2{S) = 62 (^) = 45. There is 
a canonical principal polarisation of ^ such that the class of 5 in ^ is 
2,0^ (see Clemens-Griffiths ^ZJ and Tyurin |31)). The cycle S is therefore 
non-degenerate in A. 

Proof. (Of Proposition [8|) . Let W be the image of S in the Albanese variety. 
For x,y G -ff^(A, Q^(l)), we have the following intersection numbers: 

T}*x^*y = {deg^)x.W.y = {deg^)Qw{x,y), 

and since Qw is a non-degenerate pairing, the map 

r : H\A,QfXl)) ^ H\S,Qe{l)) 
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is injective. As 62(5') = b2{A), the map 1?* is then an isomorphism of Galois 
modules H'^{S,Q£) ~ -?/^(A, Q^). As the Tate conjecture is satisfied for 
divisors on abelian varieties over k (see |29| for finite fields and [9] for number 
fields), we have pA = dim. H'^ {A, Qi{l))'-' . Since A is an abelian variety, we 
have 

A^H\A,qe)^H\A,Qe) 
and since H'^{S,Qt>) ~ i7^(A,Q^), we get 

Since i?* is injective, we have ps > pA, moreover for every variety X, we 
have dimH'^{X,Qi{l))'-' > px therefore: 

dimH\S,Qe{l)f > Ps > PA = d[mH^(A,Qe{l)f, 

but as 1?* is an isomorphism dim H'^ {S , Qi{l))'-' = dimH'^{A,Qe{l))'^ , thus 
we have equality ps = PA- D 

4. The zeta function of a cubic threefold and its Fano 

SURFACE. 

4.1. Notations, zeta functions of a variety. Let X be a smooth n- 
dimensional variety over k = ¥q such that X (the variety over an algebraic 
closure k of k) is smooth. Let Nr be the number of rational points of X over 
¥qr. The zeta function of X is defined by Z{X,T) = expi^^y^Ny — ) and 
can be written: 

i=2n 

Z{X,T)=Y,mX,T)(~''^'''' 

i=0 
where Pi(X,T) is the Weil polynomial with integer coefficients: 

PiiX,T) = det{l -TTT*\H\X,qe)), 

for vr the Frobenius endomorphism. Suppose that X is a surface and let 
Br[X) be the Brauer group of X. If the Tate conjecture is satisfied by X, 
then by Milne [Ti] : 

Proposition 10. (Artin-Tate Conjecture). Suppose the characteristic > 2 . 
The Brauer group of X is finite and: 

lim -P2(^,g-^) ^ {-iy^-^\Br{X)\DisciNSkiX)) 

™1 (1 _ ql-syx qa{X)\NSk{X)tor\^ 

where a{X) = x(-'^)Cx) — 1 + dim. PicVar{X), NSk{X)tor is the torsion 
sub-group of NSk(X), and Disc{NSk{X)) is the absolute value of the dis- 
criminant of N Sk{X) / N Sk{X)tor with respect to the intersection pairing. 

Let S be the Fano surface of a smooth cubic threefold i^ '^ P^. The Picard 
variety of S is reduced [31j of dimension 5 and X = 6, therefore a{S) = 10. 

As H'^{S,Qi) ~ A^H'^{A,Qi) ~ H'^{A,Qi), the zeta function of S can be 
computed if we know the zeta function of A ; in fact we just need to know 
the action of the Frobenius on H^{A, Q^): 

Theorem 11. For characteristic / 2, we have: H^{F,Qi) ~ H^{A,Q£{1)). 
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Proof. By a result of Murre |17) , Theorem 3 p. 149 asserting that H^{F, ( 
Ti^A) Qi where T£(A) is the Tate module of A. But T£{A) is isomorphic 

toH\A,Qe). D 

Remark 12. It would be interesting to have a bound on the order of NS{S)tor- 
In the examples we give in Section 6, we compute the values of lims_j>i .,_ i'fs-,pg 
For all the limits we computed, we get results on the form ^^, giving the 
idea that the group NS{S)tor should be trivial. 

4.2. Zeta function of a smooth cubic threefold. The half upper part 
of the Hodge diamond of a smooth cubic threefold F over C is: 

1 
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5 5 

Thus Po{F,T) = 1-T, Pi(F,r) = 1 = P5{F,T), P2{F,T) = I - qT. 
The polynomials P4 and Pq are computed by Poincare duality: P4 = 1 — 
q'^T, Pq{F,T) = l-q^T. 

Corollary 13. We have: 

P3iF,T) 



Z{F,T) 



[l-T){l-qT){l-q^T){l-q^T) 
and 

Nr{F) = (1 + / + g2'- + ^3r) _ ^r^j,(^r|^l (^ 

where tt is the Frohenius endomorphism of A. 

The roots of Pi{F,T) have absolute value g^*". We have: 

Pi{S,T) = P,{A,T) = P:iiF,-). 

q 

Since by a computer it is possible to compute the number of points of F, 
it is possible to get the zeta function of F, A and S. Kedlaya's algorithm 
compute the number of points of F. Alternatively, we can also compute the 
number of points of A that is a Prym variety of a degree 2 etale cover of a 
certain plane quintic, this is the idea of the algorithm we propose. 



4.3. Zeta function and Picard number of a Fano surface. Let S be 

the Fano surface of a smooth cubic F ^^ P^ over ¥q. We have 

^f^ rj.. ^ Pi{S,T)P,{S,T) 

^ ' ' {l-T)P2{S,T){l-q^T)- 

We can write Pi = nti^ll " ^i^) with \uji\ = q-^/"^. As 

we get P2{S, T) = ni<i<,<io(l-^*^i^)- Moreover P^{S, T) = q^^T^'^PiiS, ^) 
Thus 

nsi°(i-a;.T)nsi°(i-£T) 



Z{S,T) 



(1 - r)(l - q^T) ni<i<,<io(l - ^^^,T) 
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The order of the pole at 1 of Z{S, q~^) equals the number of elements of the 
set {{i,j)/l < i < j < 10 and LOiUJj = q} ; it is the multiplicity of the root 
1/q in P2{S,T) = P2{A,T). By the Tate conjecture for abelian varieties, we 
get: 

Corollary 14. The Fano surface and the intermediate Jacobian have Picard 
numbers at least 5. 

Let Nr{X) be the number of rational points of a variety X over ¥qr. For 
each Weil polynomial Pi{X,T), let Wj^i, . . . ,Wj^;,. be the reciprocal roots of 
Pi. The formula expressing the zeta function gives: 

i=2dimX j=bi 

Nr{X)= Yl (-l)'E<r 

We will use this formula for computing the numbers Ni(S),N2{S). For an 
abelian variety A, we have A^i(^) = Pi{A, 1). 

We will need also the following Theorem of Honda- Tate: 

Theorem 15. (1^16j, Theorems 2-3, Appendix I or [8JJ. Let A and B be 
abelian varieties over a finite field k of q elements. Let fAifs G Z[T] be the 
characteristic polynomials of their q-Frobenius endomorphisms, so fA and 
fs have degrees 2dim^ and 2dimi3 with constant terms g<^'™^ and g<i'™-^ 
respectively. The following statements are equivalent: 

(1) B is k-isogenous to an abelian subvariety of A. 

(2) fA divides fB inQ[T]. 

Ln particular, A is k-isogenous to B if and only if fA = fB- Moreover, A is 
isogenous to a power of one k-simple abelian variety if and only if fA is a 
power of an irreducible polynomial in 



5. The intermediate Jacobian as a Prym variety. 

Let F M- P^ be a smooth cubic threefold defined over a field k and let 
L be a line on F defined over k. Let us denote by Cl the incidence curve 
parametrizing the lines on F cutting L. Let F be the curve parametrizing 
planes Y containing L and such that the degree 3 plane curve Y ■ F \s the 
union of three lines. The curve Cl has (arithmetic) genus 11 and F is a 
plane quintic of arithmetic genus 6. 

Theorem 16. (Murre [T9]J For generic L, the curve Cl is smooth and there 
is a degree 2 etale map Cl —^ L such that the associated Prym variety Pr{CL) 
is isomorphic to the Albanese variety of the Fano surface S. 

Let us suppose that k = ¥q is the finite field with q elements, of charac- 
teristic not 2. The aim of this section is to give an algorithm that compute 
the zeta function of S and the Albanese variety A by using the Prym variety 
structure. We use here the reasoning of [5j. 

Let xi, . . . , Xs be coordinates in P^ and let L ^-> F be a A;-rational line on 
F. We can suppose that L = {xi = 3^2 = X3 = 0} and F = {F(,q = 0} with 

Feq = iixl + 212X4X5 + isxl + 2qiX4 + 2q2X5 + /, 
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where ii,i2i^3,Qi,Q2, f are homogenous forms in xi, rE2, 2:3 of respective de- 
gree 1, 1, 1, 2, 2, 3. Let X ■-> P"^ be the plane X4 = 2:5 = 0. Any plane F -^ P^ 
containing the line L cuts X into a unique point. The plane X is thus the 
variety of planes in P^ containing L. For a A;-point x = {xi : X2 : 2:3 : : 0) 
of X = P^, we denote by Y^ the unique plane containing x. The intersection 
of F and Y^ has equation Feq{yiXi : 2/1X2 : yiXs : 7/2 : 2/3) = 0, i.e.: 

yiihyl + 2£2y2y3 + ^32/i + '2qiyiy2 + 2q2yiy3 + y?/) = 

in the plane Y^ with coordinates yi,y2,y3- Therefore, the intersection Y ■ F 
equals L + Q where Q = Qx is the residual quadric with equation: 

Q = {hvl + 2^22/22/3 + hvl + 2giyi2/2 + 2^2^12/3 + vlf = 0}. 

The quadric Qx is not irreducible over k if and only if Qx is singular. The 
scheme parametrizing the planes 1^ such that Qx decomposes (over an exten- 
sion) as Q = Li + L2 with Li, L2 two lines, is a plane reduced quintic curve 
T ^^ X = P^(xi, X2, X3) defined over k, of equation det Mq = 0, where: 



Me 



Let Cl be the incidence scheme parametrizing the lines that cut L. 

Lemma 17. [5j The curve T has at most nodal singularities. The curve T 

is singular at the points x such that Yx- F = L + 2L' , where L' is a line. The 

curve r is smooth for L generic. 

The scheme Cl is a reduced one dimensional subscheme of the Fano surface 

S. The is a natural degree 2 map /i : Cl — ^ L that is ramified precisely over 

the singularities ofT. The point p of Cl is smooth if and only if fJ-{p) is 

smooth. 

Let F —^ F he the blow-up of F along the line L. The variety F has a 
natural structure of a conic bundle (|4]): 

F ^ p2 = X 

where P^ is the Grassmanian of planes containing the line L. The fiber over 

the point x is (isomorphic to) the quadric Q = Qx such that F -Yx = Q + L. 

For x defined over k, the number of /c-points of Qx is: 

i) g + 1 if Q is geometrically irreducible i.e. x ^ r(A;) or if x G ^(k) is a 

singular point of F, in that case Q = 2L' with L' a fc-rational line on F. 

ii) 2q + 1 a Q = Li + L2 with Li, L2 two different lines defined over k, i.e. 

the 2 points in Cl over x G F(A;) are in CL{k). 

iii) 1 if Q degenerates to a union of two line over a degree 2 extension of k, 

i.e. if the 2 points in Cl over x E F(A;) are not in CL{k). 

Let Nr{X) denotes the number of rational points of a variety X over the 
degree r extension kr = Fgi- of k. 

Proposition 18. (j^, formula (18)j. We have 

Nr{F) = /'■ + q^^- + / + 1 + q'\Nr{CL) - iV.(F)). 
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This is proved in [5j, however we give their proof here because it explains 
the algorithm computing Nr{F) we describe below. 

Proof. Let a be the number of fe-rational singularities of T (and Cl). Taking 
care of the three above possibilities i), ii) and iii), we get: 

Ni{F) = iq + l)(iVi(p2) - A^i(r) + a) + {2q + 1)^{Ni{Cl) - a) 
+ (iVi(r)-a-i(iVi(CL)-a)) 

thus 

Ni{F) = q^ + 2q^ + 2q+l + q{Ni{CL) - Ni{T)). 
As each point on L ^^ F is replaced by a P^ on F, we have moreover: 

Ni{F)=Ni{F)-{q + l) + {q+lf, 

thus 

Ni{F) = q^ + q^+q+l + q{Ni{CL) - Ni{V)), 
and this proves Proposition [THJ D 

Let /i : Cl ^- L be the degree 2 map and let x be a /c-rational smooth point. 
In order to compute the numbers Nr^Ci) — Nr{T), we need to understand 
when the 2 fc-rational points in ^*x are fe-rational. For 1 < i < 3, let 5i be 
the determinant of the order 1 (i,i)-minor of the matrix Mq. We consider 
6i as a section of H^{T, Or{l))- 

Proposition 19. For every smooth point xofT there exists an integer 1 < 
i = i{x) < 3 such that 6i{x) ^ 0. The curve Cl has two rational points over 
X G T{k) if and only if —5i{x) G {k*Y . 

Proof. Let x a fc-rational smooth point of T and let Q = Qx such that 
F -Yx = L + Q. The line L = {yi = 0} cuts Q '^ Y^ in the points such that: 

yi = hyl + 2i2y2y3 + hyj = 0. 

Therefore, if —63{x) = ^2(^) ~ ^i{x)i2{x) is nonzero, the curve Cl has two 
rational points over x £ r(A;) if and only if — (53(x) G (fc*)^. 
If 53{x) = 0, we only sketch the proof and refer to [5], Lemme 1.6 and its 
proof. In that case, we have Y^ ■ F = L + Q^ = L + Li + L2 with -Li, L2 
defined over k and meeting in a A;-rational point p of L. It is possible to 
explicitly compute a model in P'^ of (the degree 6) scheme Xp of lines going 
through p. By knowing Xp, we can determine whether the two points on Xp 
corresponding to the lines Li,L2 are /c-rational or not and this is so if and 
only if —61 is a nonzero square or —82 is a nonzero square. D 

Let us describe the algorithm for the computation of the numbers Nr{F) 
andNr{CL)-Nr{T). 

The input data is a cubic threefold F over Fg containing a F^-rational line 
L. To this data is associated the matrix 
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qi 
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92 


qi 


92 
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whose determinant is the equation of the quintic T ^^ X = F'^ (maybe 
singular). Then we compute Nr = Nr{CL) — Nr{T) as fohows: 

Initiate Nr := 0. For x G P^(Fgr), if det(Me)(x) = then if -63{x) G 
(F*.)2 then Nr := Nr + 1, else if -63{x) ^ 0, then Nr := Nr - 1, otherwise 
if -5i{x) e (F*r.)2 then A^^ := A^r + 1 else if -6i{x) / 0, then Nr := Nr - 1, 
otherwise if -(52 (x) G (F*r)^ then A^^ := iV^ + 1 else if -<52(x) ^ then 
Nr := Nr — 1 end if, end for. 

The output Nr equals Nr{CL) — Nr(T). Remark that the —6i are transition 
functions of an invertible sheaf £ on F such that £®^ = ur that corresponds 
to the degree 2 cover /i : Cl — t- F. Thus a point on F is singular if and only 
ifVl <i <3, 6i{x) = 0. 

The knowledge of A^i , . . . , Nr, is thus enough to get the 5 first coefficients of 
Pi (Pr((F, fJ-),T) and the remaining 5 ones are determined by the symmetries. 

Remark 20. (1) This algorithm for computing the action of the Frobenius 
on the Prym variety Pr{CL) is generalizable to other plane curves occurring 
as discriminant locus of some quadric bundles, see [Ij. 

(2) If the characteristic of k equals 2, by [5j end of page 6, it is possible 
to adapt the algorithm computing Nr{F) if the line L is chosen sufficiently 
generic such that F is smooth (see also [4], remarque 2). 

6. Examples 

6.1. Reduction in characteristic 3,5 and 7 of a generic cubic. Let 

P M- P^ be the cubic threefold with equation: 

Peg = xixl + 2x2X4X5 + X3X5 + 2giX4 + 2^22:5 + /, 

where: 

qi = xl + 2x1 + ^23^3 + xl 

q2 = X1X2 + 4X2X3 + x| 

/ = X2X3 — (xf + 4xiX2 + 2x1). 
The cubic P is smooth in characteristic 5, 7, 11 and 13 and singular in char- 
acteristic 2,3. The associated quintic curve F is smooth in characteristic 
3, 7, 11, 13, but singular in characteristic 2, 5. 

Remark 21. This example is interesting because the cubic P/q and its Fano 

surface S/q have bad reduction at the place 3, however the intermediate 

Jacobian J(P) has good reduction. This is the same phenomena as for the 

curves and their Jacobian. 

Moreover, in characteristic 0, Casalaina-Martin and Friedman [6] proved 

that the cubic associated to a plane quintic curve provided with a theta 

characteristic Mq is always smooth. This example over F3 is a counter 

example. However, by looking to [6], this phenomena seems to hold only in 

characteristic 3. 

Lastly, we remark that the curves F and Cl both have bad reduction at the 

place 5, but the associated Prym variety has good reduction. 



We have implemented the algorithm in Sage |20| . Using a personal laptop, 
it takes 5 minutes in characteristic 7 to obtain Pi(5, T). 
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Over F3, as the cubic Fn^ is singular, we can only compute the Weil 
polynomial Pi[Pr{T,^) m^^T) where ^ : Cl — )• F is the etale double cover 
associated to the quintic F and its theta characteristic Mq. We get: 

Pi(Pr(r, /i)/F3, T) = 1 + 3r + IIT^ + 22T^ + 49r^ + TOT^ + IA7T^ 

+198r'^ + 297r8 + 243r9 + 243ri°. 

The Prym variety Pr{T , ^) m.^^ has geometric Picard number 5. 
Over F5, we get: 

Pi(S'/F5,r) = (sr^ + i)(625r'^ + sor^ + 4or^ - er^ + sr^ + 2t'^ + 1). 

The Fano surface Si^^ has Picard number 5 and has 33 Fa-rational points. 

We have: 

, P2(%5'5-') 218-35.157 
hm — -^ — r^ = -7^ . 

s^l (1 - 51-^)5 510 

Over F7, we get: 

Pi(S'/F7, T) = 1 + 4T + 15r2 + 46T3 + 159T^ + 460r5 + lll?,T^ 
+2254r^ + 5145r8 + 9604r9 + leSOTT^o. 

It is an irreducible polynomial over Q, therefore by the Honda- Tate Theorem, 
the intermediate jacobian J{F) of F is simple. The Fano surface Sm^ has 
Picard number 5 and 97 F7-rational points. We have: 

,. ^2(^7. 7-^) 2^ • 83^ . 557 ■ 5737 
lim ■ ^ 

nt (i_ 71-^)5 710 

Remark 22. We give a proof in |23| that a generic Fano surface over C has 
Picard number p = 1. One would like to exhibit an example of a Fano 
surface over Q with p = 1. However, by reducing the above Fano surface 
S/Q modulo a prime gives us only the bound p < 5. 

Over the field Fn, the computation becomes impracticable : it needs 4 
minutes to get A'^4 but more that 24 hours to get N^. By [T2] Lemma 1.2.3, 
for positive integers q,d,j and complex numbers oi, . . . ,aj-i, there exist a 
certain disk of radius -^q^'"^ which contains every a,- for which we can choose 



J 



aj+i, . . . , Orf G C so that the polynomial 



=d 



R{T) = l + Yl ajT^ 

has all roots on the circle \T\ = 0^^". In our case, ^o-^" = -i^ll^'^ = 
802.623... and we get Pi (5*/^;^^ ,T) = Pa, where a is an integer in {80, . . . , 332} 
and 

Pa= 1-T + 13T^ + T^ - 2ST'^ + aT^ - 11 • 2ST^ 
-Ml^T"^ + ll3 . I3r8 - ll^T^ + llSr^o 

For all the consecutive values a € {80, . . . , 332}, the polynomial Pa has its 
roots equal to 11^^'^ (with error at most lO^^*^) and we have not been able 
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to find the a corresponding to the Fano surface. The same problem holds 
over Fi3 for 63 consecutive values. 

6.2. Fano surfaces with 12 elliptic curves. Let K he a number field and 
let A G K. Let us recall: 

Proposition 23. f |22j ) The Albanese variety of the Fano surface of the cubic 

Fx = {xl + xl + xl + Aj;iX2X3 + xl + xf} ^ P/^ 

is isogenous (over K) to Eq x E'J^, where E\ is the elliptic curve xf + xf + 
X3 — Axij;22;3 = 0. 

If E\ is not isomorphic to Eq^ the Fano surface of F contains 12 elliptic 
curves ([22j). Let be a a primitive third root of unity. The curve £"0 has 
complex multiplication by Z[a]. Let us choose A G -fC such that E\ has 
complex multiplication by an order of Z[a]. Let p > 2 be a prime and let p 
be a prime in K over p. Suppose that F\, S and J{F\) have good reduction 
at p and let 5p be the reduction at p of S. 

Proposition. Ifp = 2 mod 3, the surface Sp is supersingular : its geometric 
Picard number equals b2{S) = 45. 

Proof. By the choice of A, the intermediate jacobian J{F) is isogenous over 
K to Eq. As for p prime with p = 2 mod 3 the curve Eq has supersingular 
reduction, the geometric Picard number of the reduction mod p of J{F) 
equals 45 (see II6]). D 

Let us consider the cubic 

Fx = {xf + xl + xl + AxiX2a;3 + a;| + xf} ^ FJ^^ 

over F7. For A = 3, we get by Kedlaya's algorithm: 

Pi{S,T) = {l + T + 7T'^f{l + AT + 7T^f. 

The intermediate Jacobian of Fx has Picard number 13. We have: 

,. P2(S,7~') 26.3^8 
lim = 

s^i (1 _ 7l-s)13 710 

Moreover: 

P2(^/F49,49-^) _ 2^S-3^S-5^^ 

i™ (1-491-^)25 ~ 720 ■ 

The Fano surface has 270 rational points over F7. 

6.3. The Klein cubic threefold. Let ^ be a primitive (complex) root of 
unity and let he K = Q(^). Let S/x he the Fano surface of lines of the Klein 
cubic threefold : 

F/K = {xlx2 + X2X3 + X3X4 + X4X5 + X5X1 = 0}. 

It is easy to check that S has good reduction Sp at every prime p not over 
11. Let p he the prime dividing the norm of p. 

Proposition 24. If p is odd and 11 is not a square modulo p, then Sp is 
supersingular i.e. its geometric Picard number equals 45 = 62- If P is odd 
and 11 is a square modulo p, then Sp has geometric Picard number 25. 
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Proof. Let he v = — — j— — and E = C/Z[v]. In [23], we prove that J{F)/£ 
is isomorphic to E^. By [25|, App. A3, the elhptic curve E has the following 
model over Q: 

y'^ + y = x^ — x'^ — 7x + 10, 

which we still denote by E. The curve E has good reduction for prime 
p ^ 11. Let be O = TL\u\, then the curve E has complex multiplication by 
O (over a certain extension). We use the criteria of Deuring ( [T3j Chap 13, 
Thm 12) : for odd p ^ 11, the reduction of E modulo p is a supersingular if 
and only if p is inert or ramified in O. By classical results on number theory, 
an odd prime p 7^ 11 is inert or ramified in O if and only if 11 is not a square 
modulo -p. 

Over an extension, the intermediate Jacobian J(-F) is isogenous to E^ . 
By [16| . the geometric Picard number of the reduction modulo p of J(-F) is 
therefore 45 if 11 is not a square modulo p, and 25 otherwise. D 
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